This paper is devoted to a general min-max characterization of the eigenvalues in a gap of the essential spectrum of a self-adjoint unbounded operator. We prove an abstract theorem, then we apply it to the case of Dirac operators with a Coulomb-like potential. The result is optimal for the Coulomb potential.
INTRODUCTION
The aim of this paper is to prove a very general result on the variational characterization of the eigenvalues of operators with gaps in the essential spectrum. More precisely, let H be a Hilbert space and A : D(A) H ! H a self-adjoint operator. We denote by F(A) the form-domain of A. Let 
Our last assumption is (iii) Such a min-max approach was rst proposed by Talman 15] and DattaDeviah 2] in the particular case of Dirac operators with a potential, to compute numerically their rst positive eigenvalue. In that case, the decomposition of H was very convenient for practical purposes: each 4-spinor was decomposed in its upper and lower parts. Note that in the Physics litterature, other min-max approaches were proposed, for the study of the eigenvalues of Dirac operators with a potential (see for instance 4], 10]).
3
A rigorous min-max procedure was then considered by Esteban and S er e 
So ' E;x+ has a unique maximum, at the point y ? = L E (x + ). The EulerLagrange equations associated to this maximization problem are :
? Ax + ? (B + E)y ? = 0 : (4) In the sequel of this note, we shall use the notation X 0 for the dual of a Hilbert space X. Note that (B + E) ?1 is well-de ned and bounded M E x = (B + E) ?1 ? (A ? E)x : (6) This expression is well-de ned, since x 2 D(A).
The above arguments allow us, for any E > a, to de ne a map
= ( ? (M E x; BM E x) ? Ekx + M E xk 2 : (8) It is easy to see that Q E is a quadratic form with domain F + H + .
We may also, for E > a given, de ne the norm n E (x + ) = jjx + + L E x + jj H :
The following lemma gives some useful inequalities involving n E and Q E , and a new formulation of (iii) :
Lemma 2.1. Assume that (i) and (ii) are satis ed. If a < E < E 0 , then k k H n E 0 n E E 0 ? a E ? a n E 0 ; (10) (E 0 ? E)n 2 E 0 Q E ? Q E 0 (E 0 ? E)n 2 E : (11) Moreover, for any E > a : 1 To each k we also associate the (possibly in nite) multiplicity number
Then`k(T ) inf ess (T ). In the case`k(T ) < inf ess (T ),`k is an eigenvalue of T with multiplicity m k (T ).
As a consequence, if C F(T) is a form-core for T (i.e. a dense subspace of F(T) for jj:jj F(T) ), then there is a sequence (Z n ) of subspaces of C, with dim (Z n ) = m k (T ) and
Coming back to our situation, we consider the completion X of F + for the norm n E . By (10), X does not depend on E > 0. We denote by n E the extended norm, and by < ; > E its polar form: < x + ; x + > E = (n E (x + )) 2 ; 8x + 2 X : Since n E (x + ) jjx + jj H , X is a subspace of H + .
We now assume that (iii) is satis ed, i.e. 1 > a. We may de ne another norm on F + by N E (x + ) = p Q E (x + ) + (K E + 1)(n E (x + )) 2 with K E = max 0; (E?a) 2 (E? 1) ( 1?a) 2 : >From (10) and (11) (12) Note that for any a < E < E 0 , Lemma 2.1 implies the existence of two positive constants, 0 < c(E; E 0 ) < 1 < C(E; E 0 ) , such that c(E; E 0 ) N E 0 N E C(E; E 0 ) N E 0 : (13) Let us consider the completion G of F + for the norm N E . Since N E n E , G is a subspace of X, dense for the extended norm n E . >From (13), G does not depend on E. The extension Q E of Q E to G is a closed quadratic form with form-domain G. So (see e.g. 12]) there is a unique self-adjoint operator T E : D(T E ) X ! X with form-domain F(T E ) = G, such that Q E (x + ) =< x + ; T E x + > E , for any x + 2 D(T E ). Then F + is a form-core of T E . The min-max levels`k(T E ) are given bỳ
Q E (x + ) ( n E (x + )) 2 : (14) The next lemma explains the relashionship between`k(T E ) and the minmax principle (1) for A. 
In other words, 0 is the k th min-max level for the Rayleigh-Ritz quotients of T k , and this determines k in a unique way. Moreover, for a < 6 = k , the signs of k ? and`k(T ) are the same.
Proof. Using the explicit expressions of Q E and L E on F + (see (5) , (7) Note that the boundedness assumption on V is rather restrictive. However, as it will be seen in Section 4, unbounded perturbations can also be dealt with, thanks to a regularization argument.
Proof The main result of this subsection is 
is the unique number in ( First of all, since 1 is monotonic in V , it is su cient to check (iii) when V = ? jxj , for all 2 0; 1).
The key inequality that we use below is the following :
1 (V ) 0 as soon as ? jxj V 0 ; 0 < 1 :
This inequality can be found in 18]. In the particular case of Coulomb potentials, it is well-known that 1 (? jxj ) = p 1 ? 2 for 0 < 1 :
We proceed in two steps.
First step : for 2 I := 0; 1) and " 0 , let V ;" := ? jxj+" . We now x " > 0 . The one-parameter family 2 I ! A ;" := H 0 + V ;" and the 4.2. The min-max associated with the free-energy projectors. 2 + 2 ?1 0; 9. Here, we extend this result to cover all 0 < 1, and we obtain new inequalities as a by-product.
The main result of this subsection is the following 
